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In this research, we studied numerically nonlinear evolutions of the Kelvin–Helmholtz instability
�KHI� with and without thermal conduction, aka, the ablative KHI �AKHI� and the classical KHI
�CKHI�. The second order thermal conduction term with a variable thermal conductivity coefficient
is added to the energy equation in the Euler equations in the AKHI to investigate the effect of
thermal conduction on the evolution of large and small scale structures within the shear layer which
separate the fluids with different velocities. The inviscid hyperbolic flux of Euler equation is
computed via the classical fifth order weighted essentially nonoscillatory finite difference scheme
and the temperature is solved by an implicit fourth order finite difference scheme with variable
coefficients in the second order parabolic term to avoid severe time step restriction imposed by the
stability of the numerical scheme. As opposed to the CKHI, fine scale structures such as the vortical
structures are suppressed from forming in the AKHI due to the dissipative nature of the second order
thermal conduction term. With a single-mode sinusoidal interface perturbation, the results of
simulations show that the growth of higher harmonics is effectively suppressed and the flow is
stabilized by the thermal conduction. With a two-mode sinusoidal interface perturbation, the vortex
pairing is strengthened by the thermal conduction which would allow the formation of large-scale
structures and enhance the mixing of materials. In summary, our numerical studies show that
thermal conduction can have strong influence on the nonlinear evolutions of the KHI. Thus, it
should be included in applications where thermal conduction plays an important role, such as the
formation of large-scale structures in the high energy density physics and astrophysics.
© 2010 American Institute of Physics. �doi:10.1063/1.3524550�

I. INTRODUCTION

The Kelvin–Helmholtz instability �KHI� occurs when
there is a velocity shear layer between two fluids separated
by a perturbed interface. It is considered as one of the im-
portant processes �other processes included but not limited to
the well-known Rayleigh–Taylor instability �RTI� and
Richtmyer–Meshkov instability� in the study of space
plasma. Some of the well-known examples of the KHI in
space plasma are the mass transfer in a planet’s
magnetopause1–4 and the interaction between the solar wind
and Earth’s magnetosphere,5 where large-scale structures of
vortex formed by the KHI lead to large-scale plasma mixing
across a shear layer. In the high energy density physics, ex-
amples of appearance of the KHI include high-Mach-number
shocks6–9 and jets, radioactive blast waves, and radioactively
driven molecular clouds, gamma-ray bursts, and accretion
black holes.10–12 It has been observed that well collimated
jets are formed in astrophysical objects13–16 and jetlike long
spikes are observed in direct-driven RTI experiments in in-
ertial confinement fusion �ICF�.17–19

In the classical KHI �CKHI� where thermal conduction

is absent from the consideration, with a single-mode sinu-
soidal interface perturbation, the interface undergoes a linear
and a weakly nonlinear growth20 before a strongly nonlinear
growth that leads to turbulent mixing. Recently, the effects of
density gradient and velocity gradient across the perturbed
interface on the linear growth of the KHI are also
analyzed.21,22 It is found that the increasing density gradient
alone tends to enhance the KHI while the increasing velocity
gradient alone tends to reduce it. Their combined effects tend
to stabilize the flow.

In the direct-driven RTI experiments in ICF research,
jetlike long spikes are formed while general characteristic
vortical roll-up structures in the tips of the spikes are not
observed.17–19,23 In astrophysics, the observed astrophysical
jets are long but stable.6,13–16 It raises an interesting question
about the absence of small-scale vortical roll-up structures in
high energy density physics experiments and in astronomical
observations mentioned above.6,13–19,23 Additional physical
mechanisms might have played a crucial role in suppressing
the formation of the small-scale structures which is charac-
teristic of the KHI. It has been suggested that the magnetic
field, radiative cooling, and thermal conduction are three of
probable physical mechanisms involved.6,10,24–26 The effects
of magnetic field27–31 and radiative cooling32–34 on the linear
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and nonlinear behaviors of the flow have been investigated
by several authors. However, the effect of thermal conduc-
tion on the KHI, or known as the ablative KHI �AKHI� in
literature, is not well understood. Some recent numerical
simulations of the AKHI �Ref. 35� indicated that, in a single-
mode sinusoidal perturbed interface with a given wavelength
� and amplitude �0, the growth rate of the amplitude of the
fundamental �master� mode is linear, and in the mean time
the amplitude of higher harmonics are reduced. Furthermore,
a cutoff wavelength �c was observed where no higher har-
monics exists when ���c. In a two-mode sinusoidal per-
turbed interface, vortex pairing or coalescence of vortices,
i.e., inverse cascade, occurs. It is a well-known classical hy-
drodynamics phenomenon where the vortices coalesce into a
larger vortex36,37 which would enhance a large-scale mixing
of materials.

In this study, we will focus on the numerical simulation
of the AKHI in the nonlinear regime of the flow and its
results will be compared with the results obtained from the
simulations of the CKHI. The paper is organized as the fol-
lows. In Sec. II, the mathematical framework and numerical
setup are presented. The governing Euler equations with an
addition of the second order thermal conduction term to the
energy equation, along with an auxiliary equation for the
thermal conductivity, are presented. The numerical methods,
namely, the classical fifth order weighted essentially
nonoscillatory �WENO� finite difference scheme for the in-
viscid fluxes and fourth order implicit finite difference
scheme for the temperature equation in the case of the AKHI,
employed and initial setups of the problem in this study are
briefly described. In Sec. III, numerical results from the
simulation of a single-mode and two-mode sinusoidal per-
turbed interfaces with the CKHI and the AKHI are presented
and discussed. The thermal conduction effects on the KHI
are studied by comparing the nonlinear evolutions of the
CKHI and the AKHI. It is found that the small-scale struc-
tures are suppressed while the vortex paring process is im-
proved in the AKHI. The most obvious difference between
the CKHI and the AKHI is that the more large-scale struc-
tures are observed in the AHKI in comparison with the
CKHI. Concluding remarks are given in Sec. IV.

II. MATHEMATICAL FRAMEWORK AND NUMERICAL
SETUP

A. Governing equations

In this study, we will model the physical system via the
two dimensional inviscid compressible fluid38,39 with thermal
conduction. The governing equations for the single-fluid and
one-temperature in two dimensional compact conservative
form is

Qt + � · �F,G� = � · �Fv,Gv� , �1�

where the conservative variable Q, the inviscid fluxes vector
�F ,G�, and the thermal conduction fluxes vector �Fv ,Gv�, in
Cartesian coordinates. More explicitly, they are

Q = ��,�u,�v,E�T,

F = ��u,�u2 + P,�uv,�E + P�u�T, Fv = �0,0,0,�
�T

�x
�T

, �2�

G = ��v,�uv,�v2 + P,�E + P�v�T, Gv = �0,0,0,�
�T

�y
�T

,

where � ,u ,v ,E are the density, velocity in x, velocity in y,
and total energy, respectively, and the pressure

P = �� − 1��E −
1

2
��u2 + v2�	 , �3�

�= 5
3 is the specific heat ratio. The equation of state closes

the system of equations,

P = cv�� − 1��T , �4�

where T is the temperature in megakelvins �MK�,
cv is the specific heat at constant volume, and cv
=86.2713 �cm /�s�2 MK−1 for the CH material. For the ther-
mal conductivity �, we adopt the Spitzer–Härm electron
thermal conductivity40 �=�sT

n with ks=0.01 and n= 5
2 in the

AKHI simulations and �=0 in the CKHI simulations.

B. Numerical methods

To simplify the notation for discussion below, the system
of partial differential equations can be expressed in the form
of

Qt + LQ = LvQ , �5�

where L and Lv are the spatial differential operators for the
first �inviscid, nonlinear, hyperbolic� and second order
�linear, parabolic� terms, respectively.

The computational domain is rectangular in shape. The
domain in x direction is �−200 �m, 200 �m� with length
Lx=400 �m. The domain in y direction is assumed to be
periodical with length Ly =100 �m. The free-stream bound-
ary conditions are imposed at both ends of the domain in x
since the flow is essentially unchanged far away from the
center of the computational domain for a sufficiently large
domain. Since the domain in y is periodical, periodical
boundary condition is imposed on the upper and lower
boundaries.

We approximate the inviscid flux LQ in Eq. �5�, which is
the Euler equations, via the well-known classical fifth order
weighted essentially nonoscillatory conservative characteris-
ticwise finite difference scheme �WENO� explicitly. Follow-
ing Refs. 41–43 the hyperbolicity of the Euler equation �1�
admits a complete set of right and left eigenvectors for the
Jacobian of the system. The eigenvalues and eigenvectors are
obtained via the linearized Riemann solver of Roe.44 The
first order Lax–Friedrichs flux is used as the low order build-
ing block for the high order reconstruction step of the
WENO schemes. After projecting the positive and negative
fluxes on the characteristic fields via the left eigenvectors,
the high order WENO reconstruction step is applied to obtain
the high order approximation at the cell boundaries using the
surrounding cell-centered values, which are projected back
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into the physical space via the right eigenvectors and added
together to form a high order numerical flux at the cell-
interfaces. The conservative difference of the reconstructed
high order fluxes can then be computed for inviscid first
order term LQ. We refer to Ref. 43 for further details on the
WENO algorithm for solving the hyperbolic conservation
laws.

In the case that the thermal conductivity parameter
��0 as in the AKHI, the second order parabolic term in-
volving the thermal conduction is solved via fourth order
central implicit finite difference scheme to avoid the small
time step restriction due to the severe stability condition im-
posed if solved by an explicit scheme.

In the simulations presented in Sec. III, the numbers of
uniformly spaced grid points used in the x and y directions
are Nx=4000 and Ny =512, respectively.

C. Initial condition setup

In the following discussion, we shall denote the proper-
ties of the fluid to the left of the interface by subscript l and
to the right of the interface by subscript r unless stated oth-
erwise �see Fig. 1 at time t=0�.

One of the main result in our previous study in an abla-
tive mixing between two fluids,35 it is found that there is no
absolute equilibrium �steady� flow when two fluids ablate
with each other in the case of identical pressure but different
densities. However, in the same study, it has been shown that
a quasisteady density profile can be found by one dimen-
sional calculation. In the case that the initial pressures of the
two fluids are identical Pl= Pr=40 Mbar and the initial den-
sities �l=4.25 g /cm3 and �r=0.5 g /cm3, the temporal evo-
lution of the minimum density gradient scale length
�typical thickness of the density transition layer� at the abla-
tion surface, defined as Lm=min�
� / ��� /�x�
�, is computed
and shown in the left figure in Fig. 1. It can be observed that
the rate of increase of Lm is decreasing, and after t=5 ns, the
variation of Lm becomes small. Accordingly, we choose the
ablative density profile at t=14 ns as an initial density pro-
file and a shear vertical velocity in the form of

v�x� =
1

2
�vl + vr� −

1

2
�vl − vr�tanh� y

	
� , �6�

where vl and vr are the steady state fluid velocities in the left
and right sides of the interface. The interface has a smooth
hyperbolic tangent profile with an typical thickness
	=3 �m. The velocity shear difference is 
vl−vr

=4 cm /�s �see the right figure in Fig. 1�.

The primitive variables �� ,u ,v ,T� of the initial steady
flow field are perturbed with a multimode sinusoidal inter-
face perturbation at x=x0 with wavelengths �i and ampli-
tudes �i in the y direction, namely,

S�x,y� = 1 + �
i=1

m

�ie
−ki
x−x0
sin�kiy� , �7�

where m is the number of perturbed modes, x0=0 is the
location of the interface, and ki=2
 /�i are the wave num-
bers. The amplitudes are typically set as a fraction of wave-
length �i=�i� with 1

10000 ��i�
1

1000 .

III. NUMERICAL RESULTS AND ANALYSIS

In this work, we present the following two case studies.

�1� The first case is the comparison of the nonablative and
the ablative KHI with a single-mode sinusoidal interface
perturbation with wavelength �1=50 �m and amplitude
�1=0.0056 �m.

�2� The second case is the comparison of the nonablative
and the ablative KHI with a two-mode sinusoidal inter-
face perturbation with wavelengths �1=100 �m and
�2=50 �m and amplitudes �1=�2=0.031999 �m.

We note that the stability analysis introduced in Ref. 35
shows that the linear growth rate curve has a peak value
which corresponds with the perturbation wavelength
�=50 �m under the same physical conditions here.
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FIG. 1. �Left� The temporal evolution of the minimum density gradient length scale Lm. �Right� The profiles of the initial density ��x ,y , t=0� �solid line� and
initial v-velocity v�x ,y , t=0� �dashed line� without interface perturbation at any given fixed location in y.
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FIG. 2. �Color online� Density fields of the CKHI and the AKHI with a single-mode sinusoidal interface perturbation at times of
t=0,10,12,14,16 ns. The perturbation wavelength is �1=50 �m and amplitude is �1=0.0056 �m.
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A. Single-mode sinusoidal perturbed interface

In Fig. 2, the density field with a single-mode sinusoidal
interface perturbation at time t=0,10,12,14,16 ns without
thermal conduction �CKHI� and with thermal conduction
�AKHI� are shown. In this case, the most obvious difference
between the CKHI and the AKHI is the rupture of the vortex
arms and the lack of small-scale structures in the latter case.
The ablative vortex structures are also narrower in compari-
son with the CKHI, which is prone to rupture and coalesce.

During the simulations, the x-averaged density field,45

�̂�y,t� =
1

�max
� ��x,y,t�dx , �8�

where �max=4.25 g /cm3 is the peak density, is computed.
The Fourier analysis of the resulted x-averaged density field
�̂�y , t�, which is assumed to be periodical in y, is applied to
obtain the time dependent amplitude of the k-harmonics of

the field 
ak�t�
 ,k=0, . . . ,Ny /2, where ak�t� is the Fourier co-
efficients of the field �̂�y , t�.

In Fig. 3, we show the temporal evolution of the ampli-
tudes of the first six harmonics 
ak�t� 
 , k=1,2 ,3 ,4 ,5 ,6, for
the CKHI and the AKHI with a single-mode interface pertur-
bation with amplitude �1=0.0056 �m. In the AKHI, the am-
plitudes of higher harmonics are strongly suppressed while
the fundamental �master, k=1� mode has a strong growth.
This is the main source of energy in the formation of large-
scale structures such as the vortex roll-ups in the KHI. In
astrophysics, many of the large-scale structures are
observed.46,47 Similar to the studies that showed a significant
impact of radiative cooling on the collimation of the jets,32–34

this study shows that the thermal conduction can signifi-
cantly reduce the growth of the AKHI. In the nonlinear evo-
lution of the ablative RTI, the strong shear flows are gener-
ated on both sides of the spike, especially at the tip of the

Classical KHI Ablative KHI

FIG. 3. �Color online� The temporal evolution of the amplitudes of the first six harmonics in the CKHI and the AKHI with a single-mode sinusoidal interface
perturbation.
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FIG. 4. �Color online� y-averaged density profile at times t=8,12,16 ns in the CKHI and the AKHI with a single-mode sinusoidal interface perturbation.
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spike. When the preheating is considered,24 no characteristic
roll-ups �mushroom� structures are found at the spike head.
That is, the AKHI is effectively suppressed. The reduction of
growth of the amplitudes of the higher harmonics in the
AKHI due to thermal conduction prevents the formation of
the small-scale structures even without preheating. One can
expect that the combined effect of the thermal conduction
and preheating can be an effective mean to suppress the for-
mation of small-scale structures and will be investigated in
future study.

The y-averaged density profile of the CKHI and the
AKHI with a single-mode sinusoidal interface perturbation at
time t=8,12,16 ns are shown in Fig. 4. At time t=16 ns,
we observe that, in the case of CKHI, the density profile has
a thickness directly related to the size of the vortex, but in
the case of AKHI, the initial profile is relatively well pre-
served.

B. Two-mode sinusoidal perturbed interface

In a two-mode sinusoidal interface perturbation, the ve-
locity shear interface is perturbed with two sinusoidal modes

with wavelength �1=100 �m and �2=50 �m and perturba-
tion amplitudes �1=�2=0.03199 �m for the both modes. In
Figs. 5 and 6, the density fields of the CKHI and the AKHI
with a two-mode sinusoidal interface perturbation at time t
=0,10,12,14,16,18 ns are shown. The similar vortex pair-
ing occurs in both the CKHI and the AKHI. At the earlier
time, before the development of the vortex pairing, the
small-scale structures of the roll-up vortex are better devel-
oped in the CKHI than the AKHI. Comparing the two cases,
the vortex pairing is strengthened and appeared earlier in the
AKHI than the CKHI. Moreover, at the later time, after the
development of the vortex pairing, the paired vortex arms are
nearly destroyed in the CKHI. On the contrary, in the AKHI,
at the earlier time �t�12 ns�, before the development of the
vortex pairing, the small-scale structures of the roll-up vortex
are effectively suppressed. Moreover, after the development
of the vortex pairing �t14 ns�, the vortex arms are still
relatively well kept.

Similar to the single-mode case, the time dependent
x-averaged density field is computed and analyzed by the
Fourier analysis in y to obtain the amplitude of the harmon-

FIG. 5. �Color online� Density fields of the CKHI and the AKHI with a two-mode sinusoidal interface perturbation at times of t=0,10,12 ns. The
perturbation wavelengths are �1=100 �m, �2=50 �m and amplitudes are �1=�2=0.03199 �m.
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ics of the field 
ak�t�
 ,k=0, . . . ,Ny /2. The temporal evolution
of the amplitudes of the first four harmonics 
ak�t�
 ,
k=1,2 ,3 ,4, is shown in Fig. 7 �the fundamental mode and
second harmonic are drawn with thicker linewidth to empha-
size the vortex pairing process�. In the CKHI, before the

fundamental mode’s nonlinear growth exceeds the second
harmonic’s �t�10 ns�, the second harmonic has a relatively
large growth with maximum amplitude of about 6 �m. The
fundamental mode begins to dominate over the other har-
monics after t13 ns. In the AKHI, on the other hand, the

FIG. 6. �Color online� �Continuous from Fig. 5� Density fields of the CKHI and the AKHI with a two-mode sinusoidal interface perturbation at times of
t=14,16,18 ns. The perturbation wavelengths are �1=100 �m,�2=50 �m and amplitudes are �1=�2=0.03199 �m.

FIG. 7. �Color online� The temporal evolution of the amplitudes of the first four harmonics in the CKHI and the AKHI with a two-mode sinusoidal interface
perturbation.
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fundamental mode has an extended nonlinear growth regime
which surpassing the second harmonic at the early stage of
the flow development. As shown in Fig. 7, the fundamental
mode’s amplitude exceeds the second harmonic’s after
t8.5 ns and becomes the dominant force in the flow de-
velopment of the AKHI, which is different from the CKHI.
Therefore, we can conclude that the vortex pairing is devel-
oped earlier and improved in the AKHI in comparison with
the CKHI. Vortex pairing is believed to be a major process in
the KHI which plays a crucial role in the interaction between
the solar wind and Earth’s magnetosphere and provides a
mechanism by which the solar wind penetrates the Earth
magnetosphere.5 This study shows that, when the thermal
conduction is included in the KHI process, the vortex pairing
process is strengthened which can lead to large-scale mate-
rial mixing.

The y-averaged density profiles of the CKHI and the
AKHI with a two-mode sinusoidal interface perturbation at
time t=8,12,16 ns are shown in Fig. 8. Here, one can see
that the material mixing is increased by the vortex pairing in
the AKHI. Furthermore, in the CKHI, a plateau appears near
the central region of the initial shear layer x=10 at
t=12 ns which is in general agreement with the results in
Ref. 30 where the magnetic field effect is considered but its
influence is weak in their studies since the magnetic field is
perpendicular to the shear flows.

IV. SUMMARY AND CONCLUSION

In this research, we have conducted some preliminary
numerical experiments in the simulation of the CKHI and the
AKHI, which includes the effect of the thermal conduction in
the process. The CKHI and the AKHI with interface being
perturbed by a single-mode and a two-mode sinusoidal inter-
face perturbation are simulated using the fifth order WENO
finite difference scheme. We examined the temporal evolu-
tion of the density fields, the temporal evolution of the am-
plitude of the first few harmonics of x-averaged density field,

and the y-averaged density profile. The thermal conduction
effects on the nonlinear evolutions of the KHI are investi-
gated by the comparison of the CKHI and the AKHI.

This study shows that the thermal conduction plays an
important role in the spatial and temporal evolution of per-
turbed interface under the KHI. With the thermal conduction,
the KHI growths of small-scale structures are reduced while
the vortex pairing process is strengthened, which can result
in the large-scale plasma mixing in systems relevant to the
high energy density physics and the astrophysics. This effect
might be partially responsible for the phenomenon in the
stability of the astrophysical jets over long distance exceed-
ing 10 jet diameters or more13–16,46,47 and generic flows with
jetlike long spikes in high energy density physics
experiments.17–19 Detailed research in these areas will be
pursued and reported in our future work.
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